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Text: AoPS Introduction to Number Theory

1 Review

Recall the factorizations for the following expressions:

• x2 − y2

• x3 − y3

• x3 + y3

• xy + ax + by + ab

Further recall number bases: For an integer n in base b, we can find its base 10 represen-
tation using a ”power expansion” as follows:

n =
∞∑
i=0

aib
i

where the ai are digits in base b (i.e., ai ∈ [0, b − 1]). Note that for large enough i, aj = 0
for j ≥ i.

• Writing n in base b tells us about the highest power of b dividing n.

2 Chapter 10: Units Digits

• Arithmetic Base 10

– Find the units digit of: 8 + 9, 8 + 19, 8 + 29, 8 + 39, 8 + 1049, 438 + 31459. What
pattern can you find? How can we explain this pattern?

– The units digit of the sum of two positive integers is the same as the units digit
of the sum of their units digits!

– Good to think about: What similar rules hold for subtraction? Multipli-
cation? Division?

∗ We may think of subtraction as ”inverse addition”, and so we may apply
the rule of units digits with addition to subtraction, except we allow for
”carrying”.

∗ Multiplication can be thought of as ”repeated addition,” and so we simply
multiply the units digits.

• Arithmetic Base b

– Find the units digit of the following in base 8: 34+77, 121+2323, 5234−2155, 121∗
203. How might we extend units digits in arithmetic base 10 to any arbitrary base?

– We simply carry with respect to the digits in base b rather than base 10.
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3 Chapter 11: Decimals and Fractions

In this chapter we study rational numbers and their decimal expansions.

• One way of categorizing a decimal expansion is by whether or not it terminates, which
means whether or not it has an infinite number of digits in its decimal expansion.

• When does a rational number have a terminating decimal expansion?

– Find the decimal expansions of 1
2
, 3
20
, 4
7
, 12
25
, 1
9
? In each example, prime factorize

the denominator. What do you notice?

– The decimal expansion of a rational number terminates iff the denominator of the
reduced fraction corresponding to that rational number is only divisible by the
primes 2 and 5.

• If the decimal expansion of a rational number is infinite, what patterns can
be seen in its expansion? Use the examples from the previous section.

– Note how the decimal expansion seems to repeat.

– Good to think about: Why is this true?

• Converting From Decimals to Fractions

– Important: Whenever possible, use fractions instead of decimals!!

– Procedure:

∗ Let r denote the decimal expansion of the rational number.

∗ Multiply r by 10P , with P being the period of the repeating decimal expansion
(if the expansion terminates, P equals the number of digits to the right of
the decimal point).

∗ If r terminates then r ∗10P/10P is the desired fraction. If r is repeating, then
10P ∗ r − r is a terminating decimal (Why? )

∗ Then factor out r and divide the terminating decimal (which we can easily
convert to a fraction) by 10P − 1, and we’re done.

– Convert 0.12345 to fraction form.
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